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a b s t r a c t
In this paper, we derive a new 10-point multisymplectic scheme for the modified
regularized long-wave equation. The new scheme is an explicit scheme in the sense that the
third time level does not include nonlinear terms. Numerical results indicate that the new
scheme not only provides satisfied numerical solutions, but also preserves three invariants
of motion very well.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The generalized regularized long-wave (GRLW) equation
ut + ux − δuxxt + γ uqux = 0, (1.1)
where q is a positive integer, and δ and γ are positive constants, was first put forward as a model for small-amplitude
long waves on the surface of water in a channel by Peregrine [1,2]. For q = 1, this equation is called the regularized long-
wave; it has exactly three conservation laws [3] and it has been studied extensively in the past, whereas the GRLW equation
has received much less attention, presumably because of its higher nonlinearity for q ≥ 2 and the fact that it possesses a
finite number of conserved quantities and admits solitary waves as solutions, but, unlike other equations, the stability of its
solutions depends on their velocity [4].
In this paper, we consider a special case of the GRLW equation called the modified regularized long-wave (MRLW)
equation:
ut + ux − δuxxt + γ u2ux = 0. (1.2)
This equation was considered by Gardner et al. [5] using a collocation method with quintic B-spline finite elements
and by Khalifa [6] with a finite difference method. After Marsden et al. [7] and Bridges and Reich [8] proposed the
concept of multisymplectic partial differential equations (PDEs) and multisymplectic schemes which can be viewed as
the generalization of symplectic schemes, multisymplectic schemes have been applied successfully to lots of important
equations [9–13]. Through many computational experiments and theoretical analyses, multisymplectic schemes were
shown to be much superior to other standard methods in the performance of numerical stability in long-time computation.
Most of the works [8–13] relate to the multisymplectic Preissman scheme. Actually, besides the Preissman scheme, another
scheme called the Euler-box scheme was proposed and verified to be multisymplectic first by Moore and Reich [14].
However, there are fewer results on this scheme by far. The main purpose of this paper is to check whether the
multisymplectic Euler-box scheme could be applied to integrate the MRLW equation (1.2) and still have good numerical
performance.
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This paper is organized as follows. In Section 2, we take a brief view of the multisymplectic Bridges form of the MRLW
equation (1.2). A new explicit 10-point multisymplectic scheme is derived in the same section. Section 3 gives some
numerical results. We use the new explicit 10-point multisymplectic scheme to investigate the motion of a single solitary
wave, the development of the interaction of two positive solitary waves and the development of the Maxwellian initial
condition into solitary waves for theMRLW equation (1.2). The numerical results obtained indicate the efficiency andmerits
of the new scheme. Finally, we finish the paper with concluding remarks in Section 4.
2. Derivation of the new explicit multisymplectic scheme
Introducing the potential ϕx = u, momenta v = ux, variables ω = ut and p = ϕt/2 + ϕx/2 + (γ /3)ϕ3x − δϕxxt , we can
recast the MRLW equation (1.2) into the following first-order system:
Mzt + Kzx = ∇zS(z), z = (ϕ, u, v, ω, p)T ∈ R5, (2.1)
where S(z) = up− (γ /12)u4 + (δvω)/2 and
M =

0 −1/2 0 0 0
1/2 0 −δ/2 0 0
0 δ/2 0 0 0
0 0 0 0 0
0 0 0 0 0
 , K =

0 −1/2 0 0 −1
1/2 0 0 −δ/2 0
0 0 0 0 0
0 δ/2 0 0 0
1 0 0 0 0
 .
For Eq. (2.1), one of the most important characteristics is that it satisfies the multisymplectic conservation law [8,15]
∂tψ + ∂xφ = 0, (2.2)
whereψ = dz ∧Mdz and φ = dz ∧Kdz are differential two-forms. The multisymplectic conservation law is a strictly local
conservation concept which does not depend on a specific boundary condition. Bridges and Reich [8] defined a numerical
scheme as a multisymplectic scheme if the scheme preserves a discrete multisymplectic conservation law.
Let xi, i = 1, 2, . . . ,N; tk, k = 1, 2, . . . be the regular grids of the integral domain; zki is an approximation to z(xi, tk),∆x
is the space step and∆t is the time step. In addition, define the difference operators as
D±t z
k
i = ±
zk±1i − zki
∆t
, D±x z
k
i = ±
zki±1 − zki
∆x
. (2.3)
The Euler-box scheme for Eq. (2.1) is
M+D+t z
k
i +M−D−t zki + K+D+x zki + K−D−x zki = ∇zS(zki ), (2.4)
whereM+,M−, K+ and K− are matrix splittings for the symplectic structure matricesM and K respectively, i.e.,
M = M+ +M−, MT+ = −M−,
K = K+ + K−, KT+ = −K−.
(2.5)
The Euler-box scheme (2.4) satisfies the discrete multisymplectic conservation law
D+t ψ
k
i + D+x φki = 0, (2.6)
where ψki = dzk−1i ∧M+dzki and φki = dzki−1 ∧ K+dzki .
Note that the matrix splitting satisfying (2.5) is not unique. Different splittings may produce different schemes. Here, we
take M+ as the upper triangular matrix of M and K+ as the lower triangular matrix of K , respectively. With this particular
choice, the Euler-box scheme (2.4) can be written in the following form:
1
2
D+t u
k
i +
1
2
D−x u
k
i + D−x pki = 0, (2.7a)
1
2
D−t ϕ
k
i −
δ
2
D+t v
k
i +
1
2
D+x ϕ
k
i −
δ
2
D−x ω
k
i = pki −
γ
3
(uki )
3, (2.7b)
D−t u
k
i = ωki , (2.7c)
D+x u
k
i = vki , (2.7d)
D+x ϕ
k
i = uki . (2.7e)
Noting that the finite difference operatorsmutually commute and eliminating the auxiliary variables by careful calculations,
we can obtain a multisymplectic scheme:
1
2
D−t u
k
i−1 +
1
2
D+t u
k
i + D−x uki −
δ
2
D+t D
−
x D
+
x u
k
i −
δ
2
D−t D
−
x D
−
x u
k
i +
γ
3
D−x (u
k
i )
3 = 0. (2.8)
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Further, by recasting Eq. (2.8) into grid points, we obtain a 10-point scheme as
δ
∆t∆x2
[
uk+1i+1 −
(
2+ ∆x
2
δ
)
uk+1i + uk+1i−1
]
= δ
∆t∆x2
uki+1 −
(
3δ
∆t∆x2
+ 1
∆t
− 2
∆x
)
uki +
(
3δ
∆t∆x2
+ 1
∆t
− 2
∆x
)
uki−1 +
δ
∆t∆x2
uki−2
+ δ
∆t∆x2
[
uk−1i −
(
2+ ∆x
2
δ
)
uk−1i−1 + uk−1i−2
]
+ 2γ
3∆x
((uki )
3 − (uki−1)3). (2.9)
The scheme (2.9) is an explicit scheme in the sense that the scheme does not need to use an iteration technique to evaluate
the solutions because the third time level does not include nonlinear terms.
The time evolution of the approximate solution is determined from the vectors of the element parameters uk+1, which
are found repeatedly by solving the recurrence relation, once the initial vectors u0, u1 have been computed. First, the initial
vector u0 is obtained by the initial and boundary conditions. Second, the vector u1 can be obtained by following approach.
Eq. (1.2) can be written as
(u− δuxx)t + ux + γ3 (u
3)x = 0. (2.10)
Discretizing the time and space derivatives in Eq. (2.10) leads to
D+t (u
k
i − δD+x D−x uki )+ D−x uki +
γ
3
D−x (u
k
i )
3 = 0, (2.11)
where D+t , D−x and D+x are the same as in (2.3). Eq. (2.11) can be written as
δ
∆t∆x2
(
uk+1i+1 −
(
2+ ∆x
2
δ
)
uk+1i + uk+1i−1
)
= δ
∆t∆x2
(
uki+1 −
(
2+ ∆x
2
δ
)
uki + uki−1
)
+ 1
∆x
(uki − uki−1)+
γ
3∆x
[(uki )3 − (uki−1)3]. (2.12)
Next, we will show the truncation error of the new explicit multisymplectic scheme (2.9). As we know,(
∂u
∂t
)k
i−1/2
= 1
2
[(
∂u
∂t
)k
i
+
(
∂u
∂t
)k
i−1
]
+ O(∆x2)
= 1
2
[
uk+1i − uki
∆t
+ u
k
i−1 − uk−1i−1
∆t
]
+ O(∆t +∆x2). (2.13)
Similarly, we respectively have(
∂u
∂x
)k
i−1/2
= u
k
i − uki−1
∆x
+ O(∆x2), (2.14)
−δ
[
∂
∂t
(
∂2u
∂x2
)]k
i−1/2
= −δ
2∆t∆x2
[(uk+1i+1 − 2uk+1i + uk+1i−1 )− (uki+1 − 2uki + uki−1)
+ (uki − 2uki−1 + uki−2)− (uk−1i − 2uk−1i−1 + uk−1i−2 )] + O(∆t +∆x2), (2.15)
and
γ
3
[
∂
∂x
(u3)
]k
i−1/2
= γ
3
(uki )
3 − (uki−1)3
∆x
+ O(∆x2). (2.16)
Summing Eqs. (2.13), (2.14), (2.15) and (2.16) yields that the truncation error of the scheme (2.8) is at least O(∆t +∆x2).
3. Numerical results
To test whether the present scheme (2.9) exhibits the expect convergence rates in time and in space, we define the errors
between numerical solutions and analytic solutions in the sense of L2 and L∞ norms as
L2 =
[
∆x
N∑
i=1
|u(xi, tk)− uki |2
]1/2
, L∞ = max
1≤i≤N
|u(xi, tk)− uki |. (3.1)
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Table 1
Amplitude of the solitary wave and the analytical values of the invariants for different values of c .
c Amplitude I1 I2 I3
1 2.4494897 10.882796 19.79899 50.91169
0.3 1.3416408 8.7739908 8.070459 5.534029
0.1 0.7745967 8.0708977 4.100554 0.868353
Table 2
Invariants, error norms, and values of position and amplitude of the single solitary wave with∆x = 0.1,∆t = 0.05 over the region−40 ≤ x ≤ 120.
c Time Position Amplitude I1 I2 I3 L2 L∞
1 t = 0 0.00 2.449490 10.88279 19.79734 50.92158 0.000000 0.000000
t = 10 20.0 2.450426 10.88279 19.79735 50.92162 0.007474 0.004339
t = 20 40.0 2.450404 10.88279 19.79736 50.92172 0.013267 0.007394
t = 30 60.0 2.450363 10.88279 19.79737 50.92176 0.019187 0.010474
t = 40 80.0 2.450305 10.88279 19.79736 50.92169 0.025146 0.013559
t = 50 100.0 2.450228 10.88279 19.79735 50.92161 0.031119 0.016643
0.3 t = 0 0.00 1.341641 8.773991 8.070303 5.534960 0.000000 0.000000
t = 10 13.0 1.341661 8.773991 8.069109 5.532808 0.000811 0.000406
t = 20 26.0 1.341649 8.773991 8.068911 5.532452 0.000668 0.000192
t = 30 39.0 1.341943 8.773991 8.070207 5.534785 0.000874 0.000344
t = 40 52.0 1.341739 8.773991 8.069231 5.533028 0.000955 0.000468
t = 50 65.0 1.341631 8.773991 8.068764 5.532188 0.000733 0.000269
0.1 t = 0 0.00 0.774597 8.070868 4.100541 0.868429 0.000000 0.000000
t = 10 11.0 0.774626 8.070868 4.100486 0.868396 0.000134 0.000057
t = 20 22.0 0.774608 8.070868 4.100357 0.868319 0.000165 0.000059
t = 30 33.0 0.774587 8.070868 4.100241 0.868249 0.000184 0.000082
t = 40 44.0 0.774586 8.070868 4.100217 0.868235 0.000220 0.000082
t = 50 55.0 0.774609 8.070868 4.100301 0.868285 0.000262 0.000105
The MRLW equation (1.2) has three invariants [16]
I1 =
∫ +∞
−∞
udx ' ∆x
N∑
i=1
uki ,
I2 =
∫ +∞
−∞
[u2 + δu2x ]dx ' ∆x
N∑
i=1
[(uki )2 + δ((ux)ki )2],
I3 =
∫ +∞
−∞
[
u4 − 6δ
γ
u2x
]
dx ' ∆x
N∑
i=1
[
(uki )
4 − 6δ
γ
((ux)ki )
2
]
,
(3.2)
which, respectively, correspond tomass, momentum and energy. In the simulations the invariants I1, I2 and I3 aremonitored
to check the conservation of the present scheme.
3.1. Motion of single solitary waves
The single solitary wave solution of the MRLW equation (1.2) has an analytic solution of the form
u(x, t) = √6c/γ sech(m[x− (c + 1)t − x0]), (3.3)
wherem = √c/(δ(c + 1)). This solution corresponds to themotion of a single solitarywavewith amplitude√6c/γ , initially
centered at x0 and with wave velocity 1+ γ c . The analytical values of the invariants are, respectively,
I1 = pim
√
6c
γ
, I2 = 12cmγ +
4δmc
γ
, I3 = 48c
2
mγ 2
− 24δmc
γ 2
. (3.4)
Here, we take
u(x, 0) = √6c/γ sech(m(x− x0)), (3.5)
where−40 ≤ x ≤ 120, as the initial condition for Eq. (1.2) and choose the periodic boundary conditions. All the following
computations in this subsection are done with the parameters∆x = 0.1, x0 = 0, δ = 1 and γ = 1.
We discuss each of the following cases: (I) c = 1, (II) c = 0.3, (III) c = 0.1, respectively. Table 1 shows the amplitude
of the solitary wave and the analytical values of the invariants obtained from Eq. (3.4) for the different values of c. Table 2
displays the values of the invariants and error norms obtained by scheme (2.9) for different values of c , respectively. As is
seen from Table 2, the error norms L2 and L∞ obtained are satisfactorily small in long-time computations and the numerical
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Table 3
Invariants and error norms for the single solitary wave with c = 0.1,∆t = 0.1,∆x = 0.1 and over the region−40 ≤ x ≤ 120 at different times.
Time Method I1 I2 I3 L2 × 104 L∞×104
t = 2 Present 8.07087 4.1006 0.868447 0.8485 0.4260
[6] 8.07082 4.1005 0.868659 1.2000 0.6749
t = 4 Present 8.07087 4.1006 0.868477 1.3326 0.6590
[6] 8.07078 4.1005 0.868659 2.3717 1.3140
t = 6 Present 8.07087 4.1006 0.868490 1.4395 0.6749
[6] 8.07068 4.1005 0.868660 3.2940 1.7032
t = 8 Present 8.07087 4.1006 0.868486 1.6036 0.7564
[6] 8.07047 4.1005 0.868660 4.0864 1.9888
t = 10 Present 8.07087 4.1006 0.868481 2.0572 0.9740
[6] 8.07004 4.1005 0.868659 4.7988 2.2000
a b c
Fig. 1. Interaction of two solitary waves with c1 = 1, c2 = 0.3, ∆t = 0.05, ∆x = 0.1, x1 = 0, x2 = 25, γ = 1, and δ = 1 and over the region
−20 ≤ x ≤ 140 at different times. (a) T = 0, (b) T = 27.5, (c) T = 50.
values of the invariants obtained coincide with their analytical values. From the table, we also find that the error norms will
be reduced on reducing the value of c . It is obviously seen from the table that at each time the measured wave velocities for
c = 1, c = 0.3 and c = 0.1 are, respectively, about 2, 1.3 and 1.1, which are in good agreement with the theoretical value
1 + γ c . Table 3 presents the values of the invariants and error norms of the present method against the recorded results
in [6]. By comparisons, we find that our scheme provides satisfactory results.
3.2. Interaction of two positive solitary waves
In this subsection,we research the interaction of two solitarywaves having different amplitudes and traveling in the same
direction. We consider the MRLW equation with initial conditions given by the linear sum of two well-separated solitary
waves of various amplitudes
u(x, 0) =
2∑
i=1
√
6ci/γ sech2(mi(x− xi)), (3.6)
where xi, ci are constants andmi = √ci/(δ(ci + 1)). The values of the analytical invariants can be found as
I1 =
2∑
i=1
pi
mi
√
6ci
γ
, I2 =
2∑
i=1
(
12ci
miγ
+ 4δmici
γ
)
, I3 =
2∑
i=1
(
48c2i
miγ 2
− 24δmici
γ 2
)
. (3.7)
For the simulation, we choose the parameters c1 = 1, c2 = 0.3, ∆t = 0.05, ∆x = 0.1, x1 = 0, x2 = 25, γ = 1, and δ = 1
with interval−20 ≤ x ≤ 140 and periodic boundary conditions.
The experimentwas run from t = 0 to t = 50 to allow the interaction to take place. Fig. 1 shows the process of interaction
of two positive solitary waves. From Fig. 1c, we observe that an oscillation of small amplitude appears after the interaction
of the two solitary waves. This phenomenonwas first proposed by Abdulloev et al. in [17]. Analytical values of the invariants
are obtained from Eq. (3.7) as I1 = 19.65678697, I2 = 27.8694488 and I3 = 56.445717. From Table 4, we observe that the
changes in invariant I1 approach zero throughout, whereas invariants I2 and I3 are about 10−2. This indicates that the process
of two solitary interactions for the MRLW equation (1.2) will lead to a little loss of total momentum and total energy.
3.3. The Maxwellian initial condition
In this subsection, the numerical solutions of MRLW equation with the Maxwellian initial condition
u(x, 0) = exp(−(x− 7)2) (3.8)
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Table 4
Invariants for the interaction of two solitary waves with c1 = 1, c2 = 0.3, ∆t = 0.05, ∆x = 0.1, x1 = 0, x2 = 25, γ = 1, and δ = 1 and over the region
−20 ≤ x ≤ 140.
Time I1 I2 I3
t = 0 19.656782 27.868210 56.459939
t = 10 19.656782 27.867006 56.457736
t = 20 19.656782 27.866574 56.456060
t = 30 19.656782 27.864000 56.440901
t = 40 19.656782 27.867575 56.459113
t = 50 19.656782 27.866363 56.454342
Table 5
Invariants for Maxwellian initial condition with∆t = 0.025 and∆x = 0.05 over the region−10 ≤ x ≤ 70.
δ Time I1 I2 I3
0.05 t = 5 1.772454 1.315448 0.509989
t = 15 1.772454 1.315579 0.510104
t = 25 1.772454 1.315284 0.509780
0.01 t = 5 1.772454 1.264805 0.810969
t = 15 1.772454 1.264939 0.811148
t = 25 1.772454 1.265019 0.811144
0.004 t = 5 1.772454 1.256494 0.857624
t = 15 1.772454 1.256236 0.857668
t = 25 1.772454 1.256289 0.857734
a b c
Fig. 2. Maxwellian initial condition at t = 25. (a): δ = 0.05, (b): δ = 0.01, (c): δ = 0.004.
and periodic boundary conditions are obtained for the evolution of the solitary waves for various δ. All computations are
done over the region −10 ≤ x ≤ 70 with the parameters γ = 1, ∆x = 0.05 and ∆t = 0.025. We discuss each of the
following cases: (I) δ = 0.05, (II) δ = 0.01 and (III) δ = 0.004, respectively.
The invariants obtained with various values of δ are given in Table 5. When δ is reduced, more and more solitary waves
are formed. For case (I), only a single solitary wave is generated, as shown in Fig. 2a. For case (II), the Maxwellian pulse
breaks up into a train of at least two solitary waves, as shown in Fig. 2b. Finally, for the case (III), three stable solitary waves
are generated, as shown in Fig. 2c. Moreover, according to the numerical results obtained from the present scheme, the
total number of solitary waves which are generated from the Maxwellian initial condition may be shown to follow the
approximately relation
N ∼=
[
1
5√
δ
]
.
4. Concluding remarks
In this paper, we derive an explicitmultisymplectic scheme (2.9) based on themultisymplectic Bridges formof theMRLW
equation (1.2). The performance of the new scheme is illustrated by investigating several test examples. The numerical
results obtained indicate that the presentmethod is a successful numerical technique in long-time computations for solving
the MRLW equation (1.2).
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